Abstract. Regular Sturm-Liouville problems with indefinite weight functions may possess finitely many non-real eigenvalues. In this note we prove explicit bounds on the real and imaginary parts of these eigenvalues in terms of the coefficients of the differential expression.
Introduction
In this paper we consider regular indefinite Sturm-Liouville eigenvalue problems of the form
on bounded intervals (a, b) ⊂ R with real coefficients p −1 , q, w ∈ L 1 (a, b) such that p > 0 and w = 0 a.e. on (a, b). The problem (1.1) is supplemented with suitable boundary conditions at the endpoints a and b. The pecularity here is that the weight function w is not assumed to be positive and for this reason the eigenvalue problem and the Sturm-Liouville differential expression τ in (1.1) is called indefinite.
The history of indefinite Sturm-Liouville eigenvalue problems goes back to the early 20th century, where Haupt [9] and Richardson [14] generalized oscillation results to the indefinite case, and noted that problems of the form (1.1) may have non-real eigenvalues. For more historical details and other classical references we refer the reader to the interesting survey paper [12] by Mingarelli. From a modern and more abstract point of view the spectral theory of Sturm-Liouville operators with indefinite weights is intimately connected with spectral and perturbation theory of operators which are selfadjoint with respect to the indefinite inner product The main objective of this paper is to prove bounds on the non-real spectrum of indefinite Sturm-Liouville operators in terms of the coefficients in the differential expression. This is a challenging open problem according to Mingarelli [12] and Kong, Möller, Wu, and Zettl [11, Remark 4.4] , see also [16, Remark 11.4.1] . Only in the very recent past first results in this direction were obtained by the authors of this paper independently in [2] jointly with Trunk for a particular singular problem, and in [15] for regular problems with Dirichlet boundary conditions, special weight functions w and p = 1.
In this note we investigate the general regular case with arbitrary selfadjoint boundary conditions. The only restriction on the weight w is that we assume the existence of an absolutely continuous function g with g ′ 2 p ∈ L 1 (a, b) such that sgn(g) = sgn(w) a.e. In Theorem 3.2 and Theorem 3.6 we then obtain bounds for the real and imaginary parts of the non-real eigenvalues of the indefinite SturmLiouville eigenvalue problem (1.1) which depend on p, q, g (and thus implicitly on w), and the selfadjoint boundary condition. The techniques in the proofs of our main results are inspired by the methods in [15] . For the case of a weight function with finitely many sign changes we construct an admissible function g and find bounds which do not depend on g in Corollaries 3.3 and 3.7. A particular weight function with infinitely many turning points is treated in Example 3.4. Furthermore, for a certain set of real eigenvalues where the eigenfunctions have special sign properties (sometimes called real ghost states) we obtain similar bounds as in Theorem 3.2 in Theorem 4.3.
The paper is organized as follows. After introducing the relevant notions in Section 2, we prove the a priori bounds on the non-real eigenvalues of indefinite regular Sturm-Liouville operators in Section 3. Section 4 contains the estimates on the real exceptional eigenvalues. A key ingredient in the proofs of the results in Sections 3 and 4 are certain estimates on the norms of the corresponding eigenfunctions and their derivatives in Lemmas 3.1, 3.5, and 4.2. In order to improve the reading flow we outsourced the proofs of these lemmas into the separate Section 5.
Preliminaries
Let τ be the indefinite Sturm-Liouville expression from (1.1) with real-valued coefficients p −1 , q, w ∈ L 1 (a, b) such that p > 0 and w = 0 a.e. on (a, b). It will be assumed that both sets 
where
with l, r ∈ R ∪ {∞} or
with ϕ ∈ [0, 2π) and R ∈ R 2×2 such that det R = 1. We note that l = ∞ or r = ∞ in D sep (l, r) stands for the Dirichlet boundary condition at a or b, respectively. For brevity we shall refer to the above domains as selfadjoint domains. To any selfadjoint domain D we assign a constant c(D) ≥ 0 as follows: 
and, in addition,
Proof. The identity (2.3) follows from the selfadjointness of A(D). We only show that (2.4) holds in the case
and hence, as det R = r 11 r 22 − r 12 r 21 = 1, also
From (2.5) we get
and (2.6) yields
Hence, if r 12 = 0 then
This directly implies (2.4). If r 12 = 0, then, first of all, r 11 r 22 = 1. Moreover, by (2.6) we have r 22 φ(b) = e iϕ φ(a), and from (2.5) we get
This yields
and (2.4) follows.
For the estimates on the non-real and exceptional eigenvalues in the next sections we need a set of norms. If r : (a, b) → [0, ∞) is a measurable function we denote by µ r the measure on (a, b) with dµ r = r dt and define the weighted
r (a, b) will be denoted by · r,2 . As usual the L 1 -norm and L ∞ -norm will be denoted by · 1 and · ∞ , respectively.
We close this section with a simple observation which will be exploited in many of the proofs below. Let φ be a solution of the equation (1.1), i.e., φ, pφ
Multiplying (2.7) with φ and using (pφ
and for the real and imaginary part we conclude
Bounds on non-real eigenvalues
In this section we provide a priori bounds on the non-real eigenvalues of the selfadjoint realizations of the regular indefinite Sturm-Liouville expression τ ; cf. Theorem 3.2 and Theorem 3.6 below. The following constants will be incorporated into these bounds.
Here (and in the following), q − (x) := min{0, q(x)}, x ∈ (a, b). Note that α, β, and γ only depend on the chosen selfadjoint boundary conditions and the norms q − 1 , p −1 1 . In particular, the constants α, β, and γ do not depend on the weight function w.
The following lemma is the first of three similar statements which play a key role in the proofs of the eigenvalue estimates in this paper. Its proof can be found in Section 5. 
the following holds for all eigenvalues λ ∈ C \ R of the operator A(D):
Proof. Let λ ∈ C \ R be a non-real eigenvalue of A(D) and let φ ∈ D be a corresponding eigenfunction. It is no restriction to assume that 
where we have used the estimate φ 2 ∞ ≤ γ 2 from Lemma 3.1 together with (3.5). Combining (3.6) and (3.7) we have shown the estimate
From this, (2.11) and g(a) = g(b) = 0 we obtain
which can be estimated further as follows
Thus the assertion on the imaginary part of the eigenvalue λ follows from the estimates φ ′ p,2 ≤ β and φ ∞ ≤ γ; cf. Lemma 3.1 and (3.5).
It remains to estimate the real part of λ. For this we set G(
Integration by parts shows
and hence from (3.9) we have
The inequality (3.10) together with the estimates φ ′ p,2 ≤ β and φ ∞ ≤ γ (see Lemma 3.1 and (3.5)) imply
which is (3.4). The theorem is proved.
As the condition in Theorem 3.2 concerning the existence of the absolutely continuous function g is somewhat implicit, we show in the next corollary how the theorem becomes more explicit in the case of an indefinite weight function with a finite number of turning points, that is, the interval (a, b) can be segmented into a finite number of intervals on each of which sgn(w) is constant. (a, b) . Moreover, let D be a selfadjoint domain and let α, β, γ be as in (3.1). Then, with ε > 0 chosen such that
Proof. Let x 1 < . . . < x n be the turning points of w in (a, b), put x 0 := a, x n+1 := b, and define the constant
If x k+1 − x k < 2ν, then we define
= 0, and gw > 0 a.e.. Moreover,
In addition, it is easy to see that |g(x)| ≤ 1 for every x ∈ (a, b). Hence, we obtain
Now, define S := {x ∈ (a, b) : |g(x)| = 1} and Ω := {x ∈ (a, b) : g(x)w(x) < ε}. Then we have µ 1 (S) ≤ 2ν(n + 1) and hence
The claim now follows from Theorem 3.2.
As the following example illustrates, Theorem 3.2 also applies to weight functions with an infinite number of turning points. Choose k 0 ∈ N such that (k 0 + 1)π > 4γ 2 . Then, if for k ∈ N we set
so that for (3.2) to hold it suffices to find ε > 0 such that
For this, we first observe that for x ∈ I k we have
, where
It is easily seen that for ε > 0 small enough we have
Hence, with √ ε := 1 4k0(k0+1)π we can estimate the left-hand side of (3.11) by
so that (3.11), and hence (3.2), is satisfied. Now, we find estimates on the non-real eigenvalues by making use of (3.3) and (3.4) in Theorem 3.2.
In the next lemma we prove estimates different from those in Lemma 3.1 for φ ′ p,2 and φ ∞ under the assumption that the weight function w is such that The proof of Lemma 3.5 can be found in Section 5.
Lemma 3.5. Assume that the weight function w satisfies (3.12) . Then for all λ ∈ C \ R and all solutions φ ∈ D of the equation (2.7) the following estimates hold:
. By the same reasoning as in the proof of Theorem 3.2 the estimates on φ ′ p,2 and φ ∞ yield bounds on the non-real eigenvalues of the selfadjoint realizations of the regular indefinite Sturm-Liouville expression τ . We note that the estimates in Theorem 3.2 and Theorem 3.6 below are not directly comparable, but can of course be combined if w satisfies assumption (3.12). on (a, b) . Then, with ε > 0 chosen such that
Proof. Let λ ∈ C \ R be an eigenvalue corresponding to some eigenfunction φ ∈ D and assume that φ satisfies (3.5). The same reasoning as in (3.6) and (3.7) leads to (3.8) , and hence to the estimates
Now the assertions follow from φ ′ p,2 ≤ α δ and φ ∞ ≤ √ α δ; cf. Lemma 3.5 and (3.5).
The next corollary is a variant of Corollary 3.3 and can be proved in the same way.
Corollary 3.7. Assume p = 1, that w satisfies (3.12) and has n turning points in (a, b) . Moreover, let D be a selfadjoint domain and let α and δ be as in (3.1) and (3.13). Then, with ε > 0 chosen such that
Remark 3.8. If we regard the existence of the function g in Theorems 3.2 and 3.6 as a condition on the weight function w, it turns out that the condition g(a) = g(b) = 0 is redundant. To see this, letg be an absolutely continuous function on
. We note that a function h with the above mentioned properties can be defined as follows: Choose x 0 ∈ (a, b) such that 1/ √ p and let
We also mention that the condition g(a) = g(b) = 0 is not redundant for the eigenvalue estimates in Theorems 3.2 and 3.6. In what follows we provide estimates on the real exceptional eigenvalues along the lines of Theorem 3.2. The following preparatory lemma is the analog of Lemma 3.1 and is also proved in Section 5. 
the following holds for all real exceptional eigenvalues λ of the operator A(D):
5. Proofs of Lemmas 3.1, 3.5, and 4.2
In this section we provide the remaining proofs of Lemma 3.1, Lemmma 3.5, and Lemma 4.2.
Proof of Lemma 3.1. Choosing x = a in (2.11) and taking into account (2.3) and Im λ = 0 we find
From (2.9) we then obtain
, where we have used the Cauchy-Schwarz inequality in the last estimate. Multiplying the above inequality with p −1 (y) and integrating over [a, b] with respect to y gives
2 ≤ α p 
